Perturbing usual type B topological matter with vector (0, 1)-forms we find a topological theory which contains explicitly Kodaira-Spencer deformation theory.
Topological matter in two dimensions [1, 2, 3, 4] has become a very interesting framework [5, 6] to understand mirror symmetry [7] [8] [9] [10] [11] [12] [13] in Calabi-Yau manifolds.
Type A topological models are topological sigma models whose observables depend on the moduli space of Kähler forms on the target space but are independent of the complex structure [5, 14] . Type B topological models are also topological sigma models but in this case the observables depend on the complex structure and are independent of the Kähler form [5] . Mirror symmetry is realized in this context by stating that the observables of type A models for a manifold are related to the observables of type B models for its mirror manifold. While the dependence on the moduli space of Kähler forms in type A models is well established [5, 14] , the dependence on the moduli space of complex structures has not yet been developed for type B models. This is because type B models are defined [5, 4] just at one point on moduli space. The aim of this paper is to present a generalization of type B models whose observables depend on the moduli space of complex structures. As it will be shown below, this work reveals a clear parallelism between the structures of type A and type B topological matter.
Before describing the construction of the new form of type B topological matter let us briefly review some results on the theory of deformations of complex structures that will be needed in what follows. A standard reference on this topic is [15] .
A complex manifold M can be considered as a set of domains {U j } in C n glued by coordinate transformations f jk (z k ) which are biholomorphic functions. A deformation of the complex structure of M is a variation of these transition functions depending on some complex parameters t 1 , · · · , t s . This deformation generates a family of complex manifolds that will be denoted by M t . It follows from this definition that infinitesimal deformations of M are always elements in the sheaf cohomology group H 1 (M, T M). However, the converse is not true. In other words, topological obstructions to integrate an infinitesimal deformation are found in general, and therefore not every∂-closed vector (0, 1)-form is associated to a family of complex manifolds. Alternatively, a deformation of the complex structure of M can be represented by a vector (0, 1)-form φ(t) verifying the Kodaira-Spencer
and the initial condition φ(0) = 0. In (1) the bracket between a vector (0, p)-form φ = α φ α ∂ α and a vector (0, q)-form ψ = α ψ α ∂ α is defined by:
In this framework, the problem of topological obstructions can be formulated as follows: one can show that every φ(t) representing a complex deformation verifies
, so an infinitesimal deformation φ 1 is unobstructed if one can find a solution φ(t) to (1) such that that ( ∂φ(t) ∂t ) t=0 = φ 1 . It has been proven by Tian [16] and Todorov [17] that, when M is a Calabi-Yau manifold, every infinitesimal deformation is unobstructed. More precisely, given φ 1 ∈ H 1 (M, T M), there is a power expansion in a parameter t (which can be understood as a parameter in the moduli space of complex structures):
such that φ(t) satisfies (1) and therefore corresponds to a deformation of the complex structure. In fact, the vector (0, 1)-forms appearing in this series are obtained by solving inductively the Kodaira-Spencer equation at order n in t:
In this way, when M is a Calabi-Yau, deformations of the complex structure are in one to one correspondence with∂-closed vector (0, 1)-forms.
In this paper we will construct a generalization of type B topological matter which explicitly contains Kodaira-Spencer deformation theory and, in some way, also Tian's results. Let us first present a brief account of the original model. There are two equivalent ways two obtain the two types, A and B, of topological matter by twisting N = 2 supersymmetry. One consists of taking an N = 2 chiral multiplet and twist with each of the two U(1) chiral currents [5] . The other one consists of twisting by only one of the U(1) chiral currents both, the N = 2 chiral multiplet and the N = 2 twisted chiral multiplet [4] . In either case we will be considering the B model. The target space M must be a Calabi-Yau manifold in order to avoid anomalies [5] . The field content of this model consists of a set of local coordinates, x I and xĪ , which describe a map from a Riemann surface Σ to M, anticommuting fields ηĪ, θ I and ρ I µ , and auxiliary fields F I and FĪ. We follow mainly the notation in [4] after making the field redefinition of the original fields χĪ andχĪ suggested in [5] :
being g IJ a metric on M. The model possesses the following topological Qsymmetry: This remaining piece allows one to include a explicit parametrization of the moduli space of Kähler forms (as one can see, for example, in [14] ). The Q-symmetry for type A models does not depend on the complex structure and therefore observables are functions on the moduli space of Kähler forms. It is difficult to exploit mirror symmetry by means of topological matter using as the partner of the type A model the usual type B model, because moduli space structures seems to be essential to mirror symmetry as well as to mirror computations [18, 12, 11] . As suggested in [5] , mirror symmetry should be better understood in the framework of topological field theory if one considers not only the original lagrangian, but the topological family obtained adding perturbations to it. In this way, the generic lagrangian corresponding to the topological family should depend on a set of parameters related, if we take the appropriate perturbation, to the moduli space of complex structures.
The standard procedure for perturbing topological theories is the use of descent equations [1, 5, 4] . As advocated in [4] , a very useful tool in generating the fields entering descent equations is the vector operator G µ . N = 2 supersymmetry in two dimensions possesses four spinor generators. After the twisting, two of these generators lead to two scalar operators, being Q one of them, and a vector operator G µ . For twisted models to have the symmetry generated by G µ the existence of covariantly constant vectors on Σ is required. This requirement does not hold in general and therefore typically the G µ symmetry is disregarded. However, this symmetry is useful for two reasons. First, as shown in [4] , its gauging leads to the coupling of topological matter to topological gravity. Second, it generates operators which satisfy the descent equations. It is in this last respect that it will be used in this work.
To understand why the operator G µ generates solutions to the descent equation let us recall that the topological algebra [4] identifies it as the Q-partner of the momentum operator:
Starting with a field φ (0) (x) which satisfies,
one can construct other fields using the operators G µ . These fields, which we will call partners or descendants, are antisymmetric tensors defined as,
Relation (9) guarantees that these operators satisfy the topological descent equations,
which in turn imply that quantities like,
are Q-invariant. Operators of the form (13) are very useful because they can be added to the lagrangian to build families of topological models. This is the procedure that will be used to construct the perturbed B model.
The G µ -transformations of the fields can be read from [4] . They take the form:
The observables of type B topological matter have the form:
where A is an element in H p (M, ∧ q T M). Notice that these are observables only on-shell, i.e., taking into account the field equations, because the action of Q on θ I gives terms proportional to δS δF J . As we mentioned above, Kodaira-Spencer theory and Tian's results imply that closed vector (0, 1)-forms are in one to one correspondence with deformations of the complex structure, so we expect that the appropriate topological family will be obtained perturbing with observables of the form:
where
In this case one finds:
The fact that φ (0) is Q-closed only on-shell has important consequences [5] : now the topological descent equations are true only modulo terms proportional to the field equations, and this implies in turn that we must change the topological operator Q if we want the perturbed lagrangian to be Q-closed. To obtain the form of the descent equations, including the additional terms, we will use the operator G µ introduced above. Taking into account (9), one finds that the operators φ
µ and φ (2) µν defined in terms of an operator φ (0) as in (11) satisfy the following modified descent equations:
For an operator like (16) satisfying (17) the last terms of these equations represent additional contributions to the standard topological descent equations (12) . These extra terms are proportional to field equations due to (17) and the fact that the action (7) is G µ invariant. Actually, the simplest way to compute the form of these extra terms is to us this invariance of the action (7). Let us denote generically by ψ i the fields in the theory, and by δS the variation of the action due to an arbitrary variation δψ i of the fields. The invariance of the action (7) under G µ implies:
The useful consequence of this relation is that the transformation under G µ of the field equations can be read easily after using (14) .
To build the perturbation of the action (7) notice that since the second term of the second equation in (18) is linear in the field equations, i.e.,
where ζ i are quantities to be determined, the generalized action,
is invariant up to terms of order t 2 under the new topological symmetry,
Let us study the perturbation associated to a closed vector (0, 1)-form as in (16) . Using (11) one finds that the descendants are:
where the field FJ has been redefined in such a way that the terms involving auxiliary fields in the final action reduce to the quadratic form g IJ F I FJ :
Imposing {Q ′ , [Q ′ , x J ]} = 0 gives the following constraint on AĪ J :
This is just the Kodaira-Spencer equation (1) In the rest of the paper we will briefly analyze Kodaira-Spencer topological matter using the standard tools of topological field theories [1, 5, 20] . First notice that the action (31) is Q ′ -exact, so we can work in the weak coupling regime as in type B models. Path integrals will be localized in field configurations that can be easily found using Witten's fixed point theorem [5, 21] . It suffices to look for the fixed points of the Q ′ fermionic symmetry. According to (26), these correspond to,
where d denotes the exterior differential on Σ. Notice that the second equation in (33) implies that dAĪ J ∧ dxĪ = 0, which in turn leads to∂A = 0. This contradicts Kodaira-Spencer equation, so the only solution to the differential system in (33) is dx I = dxĪ = 0, and we recover the localization of type B model on constant configurations. Path integrals reduce to integrals over the manifold M and fermionic integrals over the zero modes of ηĪ, θ I and ρ I µ so we have the same constraints on ghost number as in the type B model [5] .
Kodaira-Spencer topological matter gives a very different class of observables than ordinary type B models. This is obviously related to the fact that it describes the moduli space of complex structures by means of the vector (0, 1)-form AĪ J . If one takes a function f (x I , xJ ), the condition of observable now reads,
which is just the condition for f to be a holomorphic function in the new complex structure defined by AĪ J [15] . One can easily obtain the condition for VĪ J ηĪθ J to be an observable,
Modulo field equations, this is equivalent to the following equation for the vector
where the bracket is the same as the one defined in (2) . A similar condition is obtained for a general operator of the form (15) .
As stated in our brief review on Kodaira-Spencer theory, the vector (0,1)-form AĪ J depends on a set of s parameters t 1 , · · · , t s , where s is the dimension of the moduli space of complex structures. Choosing the Kodaira-Spencer-Kuranishi coordinates we have in fact the series expansion [15, 17] :
where the A i are a basis for H 1 (M, T M) and the A i1···is are vector (0, 1)-forms that always exists thanks to Tian's lemma [16] . Although AĪ J ηĪ θ J is not itself an observable, the first derivatives of the vector (0, 1)-form with respect to the parameters t i , which we will denote by ∂ i A, verify (36), as one can see taking the derivative of the Kodaira-Spencer equation (1) 
where ⊥ denotes the inner product. Notice that this prescription for the computation of the path integral is defined up to a numerical normalization factor that can be understood as the freedom in the choice of the normalization of the (3, 0)-form Ω 0 [5] . As shown in [19] , this are, again up to a factor, the Yukawa couplings C ijk (t), i.e., the Yukawa couplings evaluated at a point of the moduli space of complex structures parametrized by t. This follows from Todorov's expression for the deformation of the holomorphic (3, 0)-form as one changes the complex structure [17] ,
and the following expression for the Yukawa couplings [18, 12] :
Notice that the mirror computation in [12] involves precisely the Yukawa couplings for a generic point in the space of the complex structures, and compares them with an expansion depending on the parameters of the moduli space of Kähler forms. It has been shown [14] that type A topological matter naturally gives rise to an expansion for the three-point correlation functions which have the polynomial form:
The coefficients N v ijk are intersection numbers of cycles in a moduli space of holomorphic maps from Σ to M, and the q i are parameters for the Kähler form. Now it seems that it is Kodaira-Spencer topological matter rather than the usual type B topological matter the one which naturally gives the mirror quantity computed in [12] and contains the information about the moduli space of complex structures as encoded in A. Moreover, mirror symmetry between type A and type B models seems enhanced when taking Kodaira-Spencer topological matter: if one substitutes (37) in (38), the following expansion is obtained for the Yukawa coupling: The results presented here give rise to many issues. Of course, it is worth pursuing the study of Kodaira-Spencer topological matter by itself or as an intermediate step to understand the extended moduli space of topological sigma models [5] . This seems to be a promising approach to the mirror symmetry and to the mirror map between moduli spaces from the point of view of topological field theories. But perhaps the most urgent question is the relation of Kodaira-Spencer topological matter with the Kodaira-Spencer theory of gravity presented in [19] . It would be interesting to know if the topological theory we have constructed, which includes the field AĪ J as a background field, gives rise to the six-dimensional action of Kodaira-Spencer theory of gravity. Notice that the third derivatives of this action with respect to the moduli parameters give, at the tree level, the Yukawa couplings [19] . In [22] it was shown in the framework of topological conformal field theories that perturbations of a topological theory can be encoded in a free energy function F (t), so that three-point correlation functions at genus zero are given by c ijk (t) = ∂ i ∂ j ∂ k F (t). In this way the action of the Kodaira-Spencer theory of gravity could be the analog of free energy for Kodaira-Spencer topological matter.
We expect to report on this in the future.
